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Abstract 
The paper is aimed to illustrate the strong duality between the lower and upper bound formulations of shakedown analysis in a 
novel way. By the lower or upper bound theorem, shakedown analysis is a well-known direct method to evaluate the load 
carrying capacity of a structure subjected to cyclic loads. In the paper, the Hölder inequality is uniquely utilized to establish the 
upper bound formulation from the lower bound formulation. Accordingly, the strong duality between them is revealed by duality 
theorems. Following that, shakedown analysis is performed by the primal-dual algorithm provided by the computing tool 
MATLAB. Moreover, elastic-plastic analysis is also conducted for comparisons and validations using the commercial finite-
element code ABAQUS. Finally, comparisons with good agreement validate the numerical results presented in the paper. 
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1. Introduction 
As it is well known that shakedown analysis is a convenient and comparable direct method to effectively capture 
the lower or upper bound of the shakedown limit of a structure subjected to cyclic loads based on the lower (Melan’s  
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static) or upper bound (Koiter’s kinematic) [1-5], respectively. An elastic-plastic structure is said to shake down to 
an elastic state if the magnitude of cyclic loads is larger than the elastic limit but lower than the shakedown limit. 
Namely, the structure deforms plastically in the initial loading cycles and then responds purely elastically in the 
following cycles. 
By the lower (Melan’s static) or upper bound (Koiter’s kinematic) theorem [1-5], shakedown analysis is an 
effective tool for structure optimal design and safety evaluation. To seek the greatest lower bound or the least upper 
bound solutions, we can formulate plasticity problems involving shakedown analysis into constrained optimization 
problems by mathematical programming techniques [6-7]. On the one hand, we search for the greatest lower bound 
to the shakedown limit by Melan’s static shakedown analysis [e.g. 8-9]. On the other hand, we seek the least upper 
bound to the shakedown limit by Koiter’s kinematic shakedown analysis [e.g. 10-11]. Namely, purely static and 
purely kinematic optimization variables are considered separately. Thus, we can bracket the exact solution of the 
shakedown limit by using Melan’s static and Koiter’s kinematic theorems [e.g. 12-13]. On the other hand, the 
duality relationship between the lower and upper bound formulations has been revealed [e.g. 14-15]. The duality 
relationship can be further applied to improve the numerical investigation of shakedown analysis [16-17]. Actually, 
the primal-dual optimal problems receive much attention and have been one of the central topics in mathematical 
programming [e.g. 18-19]. It not only calculates the upper bound and the lower bound simultaneously but also 
converges rapidly to the primal-dual optimal solution. 
In the paper, we aim to contribute to illustrate the strong duality of shakedown analysis in a novel way. Taking 
the advantage that limit analysis is a special case of shakedown analysis while only monotonic and proportional 
loads dealt with in evaluating the plastic limit load [20-21], it is to extend the previous successful experience in limit 
analysis to shakedown analysis. In the previous work on limit analysis [21-35], a generalized Hölder inequality [36] 
was employed to play a key role in establishing the kinematic (dual) formulation from the corresponding static 
(primal) formulation [21-35]. By using a generalized Hölder inequality [36], we also equate the greatest lower 
bound to the least upper bound [21-35]. Based on the strong duality, exact solutions for certain sequential limit 
analysis problems have been acquired [33-35]. On the other hand, Yang [22] stated the primal (lower bound) 
formulation in the form of fl -norm [22, 36-37] on axial forces of truss members while dealing with large 
deformation of truss structures by limit analysis sequentially. By using the Hölder inequality [37], the corresponding 
dual (upper bound) formulation was derived as the form of 1l -norm [22, 36-37] on plastic deformation rate of truss 
members. Accordingly, the paper is to apply the Hölder inequality [37] to establish the kinematic (dual) formulation 
from the corresponding static (primal) formulation of shakedown analysis. By using the Hölder inequality [37], we 
equate the greatest lower bound to the least upper bound. By taking the advantage of the strong duality between the 
lower and upper bound formulations, the primal-dual analysis is then performed using the computing tool MATLAB 
[38] to solve shakedown analysis problems. By performing the primal-dual analysis, the primal and dual variables 
are calculated simultaneously. Namely, we acquire the shakedown limit as well as the corresponding failure mode. 
For comparisons and validations, elastic-plastic analysis based on a direct cyclic method is also conducted by using 
the commercial finite-element code ABAQUS [39]. 
2. Analytical background 
We deal with plane frames with members of the plastic moment capacity 0M . The bending moment at the th-i  
critical cross section is ( )iM . Thus, the yield condition for the th-i  critical cross section with the plastic moment 
capacity 0M  can be described as [40] 
   ( ) o
iM Md                                                                                  (1) 
Note that, if we normalize the constitutive model as the following 
      ( ) ( )o/ 1
i iM M M d                                                                    (2) 
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Then we can state the constitutive model in the form of fl -norm [22, 36-37] as 
^ `( ) 1max i
i
Mf  dM                                                                  (3) 
where M is the vector with the component of the normalized bending moment ( )iM  at th-i  critical cross section. 
For plane frames with n  critical cross sections, the equilibrium condition can be expressed in the following 
matrix equation 
O CM f                                                                                   (4) 
where C  is the equilibrium matrix, M  is the vector with the component of the bending moment )(iM  at th-i  
critical cross section, Of  is the applied force with f  the unit vector and O  the load factor. For plane frames with n  
critical cross sections, we can express the equilibrium condition in term of the normalized bending moment M  as 
1 O   CM CBB M CBM f                                                             (5) 
with the diagonal matrix ),...,,diag( 000 MMM B , the inverse matrix },...,1/,1/diag{1/ 000-1 MMM B  and 
1 M B M . 
3. Shakedown analysis of plane frames 
For simplicity and without loss of generality, we assume that the bending strength is the dominant factor while 
considering the load carrying capacity of framed structures. By the static shakedown theorem, we can state the 
necessary and sufficient condition for a structure to shakedown. Namely, there exists a time independent residual 
moment field m  such that superposition with the corresponding elastic bending moment EOM  establishes a safe 
state everywhere in the structure. So the shakedown analysis of a framed structure under cyclic loads can be stated 
as follows 
max O  
s.t.   1f dM                                                   (6) 
                   EO M M m  
                     0 CBm  
where E 1 E M B M  is the normalized elastic bending moment, 1 m B m  is the normalized time-independent 
residual moment. 
Now we establish the upper bound formulation from the corresponding lower bound formulation similar to the 
way taken in limit analysis [21-35]. The self-equilibrium equations of the time-independent residual moment can be 
restated weakly in the form as 
TT E( ) ( ) 0Oª º   ¬ ¼u CBm u CB M M ġġġġġġġġġġġġġġġġġġġġġġġġġġġġġġ                    (7) 
where u  is a kinematically admissible displacement field. The superscript T  stands for the transpose of the matrix. 
From Eq. (7), we obtain 
T E T( ) ( )O  u CBM u CBM                                                              (8) 
Since u  appears homogeneously and linearly in Eq. (8), we can normalize the relationship by setting the following 
normalization 
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T E( ) 1 u CBM                                                                        (9) 
Thus, we can rewrite Eq. (8) as 
T T T T( ) ( )O   u CBM B C u M                                                           (10) 
By the Hölder inequality [37], it results in 
 T T T T T
1
( ) fdB C u M B C u M                                                         (11) 
with the 1l -norm [22, 36-37] of uCB
TT  defined as 
¦ 
 
n
1
)(TT
1
TT )(
i
iuCBuCB                                                             (12) 
where )(TT )( iuCB  is the th-i  component of the vector uCB TT . Accordingly, O  can be bounded above by O  as 
                  T T T T T T T T
1 1
( ) ( )O Of  d d  u CBM B C u M B C u M B C u                               (13) 
where uCT  indicates plastic rotation of critical cross sections and T TB C u  denotes the plastic work of 
critical cross sections. Note that, we have the relationship between the rotations of critical cross sections  θ  and 
uCT  as [1] 
uCθ T                                                                   (14) 
Therefore, the upper bound formulation can be stated as follows 
min O  
            s.t.  T T
1
O  B C u                                                                (15) 
T E( ) 1 u CBM  
uCθ T  
Note that, the problem statement (15) of the kinematic shakedown analysis is equivalent to that of the Koiter 
kinematic shakedown analysis of frames [1]. 
By duality theorems [21-22], we can acquire the exact shakedownġ limit by confirming the equality relation 
between the greatest lower bound and the least upper bound. Accordingly, the unique exact solution O  is obtained 
by equating the extreme values of the lower bound functional O  to its corresponding upper bound functional O . 
Namely 
maximize O  O =minimize O                                              (16) 
As shown above, we have validated the strong duality between the primal problem (6) and the dual problem (15). 
Based on the primal formulation (6) or the dual formulation (15), we can acquire the exact solution by equating the 
greatest lower bound to the least upper bound as done in limit analysis [33-35]. 
208   S.-Y. Leu and J.-S. Li /  Procedia Engineering  79 ( 2014 )  204 – 211 
4. Numerical examples 
In the numerical part of the paper, we mainly apply the primal-dual algorithm provided by the computing tool 
MATLAB [38] to solve shakedown analysis problems. As shown in Figs. 1(a)~(c), the plane frames with various 
boundary conditions are considered. The plane frame with fix-fix ends is shown in Fig. 1(a). In addition to the fixed 
condition in on end, we also consider a pin supported end and a roller supported end as shown in Fig. 1(b) and Fig. 
1(c), respectively. 
In the following case studies of shakedown analysis, we consider plane frames subjected to concentrated loads as 
shown in Figs. 1(a)~(c). Cyclic loads applied independently are considered. The vertical force V varies within the 
range ]P3,P[  and the horizontal force H alters between the range ]P,P[ . All the critical cross sections of the 
frames are identified where plastic hinges may form. As indicated in Fig. 1(a), there are five critical cross sections 
for the plane frame with fix-fix boundary conditions. On the other hand, there are four critical cross sections for the 
plane frames with fix-pin and fix-roller boundary conditions as shown in Figs. 1(b)~(c), respectively. 
Table 1. Shakedown limits of plane frames. 
boundary conditions primal-dual analysis elastic-plastic analysis 
fix-fix 1.185 1.182 
Fix-pin 1.124 1.118 
Fix-roller 0.750 0.748 
                               
       
Fig. 1. Plane frames with various boundary conditions (a) fix-fix; (b) fix-pin; (c) fix-roller. 
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Fig. 2. Failure modes of plane frames with various boundary conditions (a) fix-fix; (b) fix-pin; (c) fix-roller. 
Since the strong duality has been confirmed analytically, the MATLAB primal-dual algorithm [38] is then 
adopted to perform the shakedown analysis for the numerical examples. The MATLAB function linprog [38] with a 
primal-dual interior-point algorithm is utilized to solve the primal problem (6). By the primal-dual analysis, we 
acquire the shakedown limits together with the failure modes corresponding to the plane frames shown in Figs. 
1(a)~(c), respectively. Moreover, elastic-plastic analysis is also conducted by the commercial finite-element code 
ABAQUS [39]. Instead of the time-consuming step-by-step calculation, the elastic-plastic shakedown analysis is 
based a direct cyclic method implemented in the commercial finite-element code ABAQUS [39]. 
As shown in Table1, the results of the primal-dual analysis performed by the computing tool MATLAB [38] 
agree well with the elastic-plastic results obtained by the commercial finite-element code ABAQUS [39] based on a 
direct cyclic analysis procedure. As expected, the value of the shakedown limit is affected by the boundary 
conditions of framed structures. Obviously, we obtain the highest shakedown limit for the plane frame with fix-fix 
boundary conditions. On the other hand, the plane frame with fix-roller boundary conditions has the lowest 
shakedown limit. 
By the primal-dual analysis, we also obtain the information of failure modes related to the kinematic shakedown 
formulation as shown in Figs. 2(a)~(c). Figs. 2(a)~(c) show the failure modes corresponding to the plane frames 
with various boundary conditions. Obviously, the failure modes for the plane frames with fix-fix and fix-hinge 
boundary conditions, respectively, are of the beam mechanism. On the other hand, the failure mode is a combined 
beam and sway mechanism for the plane frame with fix-roller boundary conditions. 
5. Conclusions 
In a novel way, we have contributed to show the strong duality between the lower and upper bound formulations 
of shakedown analysis. By the Hölder inequality [37], the upper bound formulation was derived from the lower 
bound formulation. In particular, the problem statement (15) of the kinematic shakedown analysis uniquely derived 
in the paper is equivalent to that of the Koiter kinematic shakedown analysis of frames [1]. By duality theorems [21-
22], the equality relation between the greatest lower bound and the least upper bound is confirmed. 
After the strong duality between the lower and upper bound formulations of shakedown analysis has been 
confirmed, the MATLAB primal-dual algorithm [38] was adopted to perform shakedown analysis for illustrative 
problems of plane frames. In the numerical examples, shakedown analysis of plane frames with various boundary 
conditions has been conducted. The shakedown limit and the failure mode were acquired simultaneously by the 
primal-dual analysis. As shown in the paper, the results of the primal-dual analysis performed by the computing tool 
MATLAB [38] match well with the elastic-plastic results obtained by the commercial finite-element code ABAQUS 
(a) (b) 
(c) 
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[39] based on a direct cyclic analysis procedure. Finally, the accuracy of shakedown analysis by the primal-dual 
algorithm has been illustrated by the numerical examples performed in the paper. 
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